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The Born series and multiple scattering expansion for the off-shell wave func-
tions corresponding to a system of three charged particles are studied. Explicit
expressions are derived for the anomalous terms and divergences which occur in
these perturbation expansions in the energy-shell limit. A prescription is given
for canceling these anomalous terms. The resulting “renormalized” perturbation
expansions are used to formulate various approximations to the T matrices for
excitation and ionization of a neutral fragment by a charged particle.

1. INTRODUCTION

It should be possible to use a perturbational approach to calculate the
wave function and T matrix for a quantum mechanical system involving
nonsingular forces which go to zero for large particle separation. In the case
of short-range forces such an approach can be based on the iterations of the
various integral equations satisfied by the wave function and 7 matrix.
However, for scattering involving long-range potentials there are well-known
difficulties in basing a perturbation formalism on either the usual off-shell
integral equations or equations involving cutoff long-range potentials. These
difficulties manifest themselves as anomalous terms and divergences when
one attempts to take the limit to physical energies in the off-shell perturba-
tion formalism or remove the cutoff in the perturbation formalism involving
cutoff long-range potentials.

In this paper we will show the occurrence of anomalous terms and
divergences in the energy-shell limit of the Born and multiple scattering
expansions for the off-shell wave functions corresponding to a system of
three charged particles. A prescription for canceling these anomalous terms
together with a justification of this “renormalization” procedure is given.
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We will concentrate on the wave functions corresponding to the free
channel and the channel « consisting of a neutral fragment and a charged
particle.

The off-shell wave function corresponding to the free channel, denoted
¢, (x, p), satisfies both the Lippmann- Schwinger equation (see Appendix
A for notation)

¢ dx P)=d0(x, )= [dyGy(x, y; E+ie)V(»)br(y,p) (1)

and the Weinberg—-Van Winter equation (Van Winter, 1964; Weinberg,
1964; Van Winter and Brascamp, 1968; the problem of spurious solutions is
discussed in Vanzani, 1978).

¢+£(x’ P):¢0(x’P)+ 2 [qsiﬂj;a(x’ p)—¢0(x, P)]

i<j

— 3 [&[G,,(x. y; E+ie)=Gy(x, y; E-tie)]

i<j

X 2 Vk1()’)¢+e()’sl’)
(kD% ) )

An argument is given in this paper to show the development of anomalous
terms and divergences as e~ +0 in each term of the Born series correspond-
ing to (1) and the multiple scattering expansion obtained by iterating (2). It
has been shown (Zorbas, 1977) that ¢, (x, p) develops an anomalous
multiplicative factor as e~ +0 due to the short-range asymptotic condition
which is implicitly assumed in the definition of the off-shell wave function.
We will argue that this factor is the source of the anomalous terms and
divergences in the Born series and is partially responsible for the diver-
gences in the multiple scattering expansion for ¢, (x, p).

The perturbation formalism for the off-shell wave function correspond-
ing to the channel a illustrates another source of anomalous terms in
perturbation theory involving long-range potentials. The a channel wave
function, denoted ¢?% (x, p), satisfies the integral equation (see Appendix A
and Geltman, 1969)

8%, p) =042, p)— [ G, yi B +ie) V(1851 p) (3)

An argument is given in this paper to show that the terms of the perturba-
tion expansion, obtained by iterating (3), develop anomalous terms and
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divergences as e~ +0. It is not hard to show, using an argument similar to
that given in Zorbas (1977), that ¢ (x, p) does not develop an anomalous
multiplicative factor as ¢— +0. This result is directly attributable to the
effective short-range interaction between a charged particle and a neutral
fragment. We will argue that the anomalous terms appearing in the itera-
tions of (3) are due to an inadequate choice of the “unperturbed” term
1, p).

In a recent paper (Zorbas, 1978) the occurrence of anomalous terms in
the off-shell Born series for two-particle Coulomb-like scattering was ex-
amined. For a general class of Coulomb-like potentials it was shown that
the anomalous multiplicative factor in the off-shell wave function is the
source of the anomalous terms and divergences in the energy-shell limit of
the Born series. A prescription was given for canceling the anomalous terms
in the off-shell Born series. The resulting perturbation expansion was shown
to be term-by-term convergent to the perturbation expansion for the physi-
cal Coulomb wave function.

This paper provides a three-particle generalization of these two-particle
results. In the case of the Born series corresponding to (1) an argument is
given to show that the two-particle prescription (Zorbas, 1978) has a natural
extension to three-particle Coulomb scattering.! In the case of the multiple
scattering expansion corresponding to (2) and the iterations of (3) a pre-
scription is given for canceling anomalous terms so as to obtain term-by-term
convergent (in the limit e— +0) perturbation expansions for the three-
particle wave functions.

The approach taken in this paper is based on the time-dependent
theory and the relationship between the time-dependent and stationary
scattering formalisms (Amrein et al., 1977; Prugovetki, 1971). The basic
idea is to use the |¢| - oo behavior of various time-dependent expressions to
obtain information concerning the e— +0 behavior of the corresponding
stationary expressions. Many of the arguments given in this paper are
formal in that domain problems are not considered. Furthermore, we will
conclude convergence of various integrals by formal power counting argu-
ments.

We now give an outline of the contents of this paper. The basic idea of
our approach is illustrated in Section 2 by the pedagogical example of a
constant perturbation. In Section 3 the occurrence of anomalous terms in
the Born series for ¢, (x, p) is shown, and in Section 4 a prescription is
given to cancel these terms. In Section 5 we unravel the anomalous terms in
the multiple scattering expansion for ¢, (X, p). A “renormalized” multiple

'It is straightforward to generalize the results of Sections 3 and 4 of this paper to general
N-particle Coulomb systems.
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scattering expansion is proposed in Section 6. The perturbation expansions
corresponding to the scattering of a charged particle by a fixed neutral
“fragment” are discussed in Section 7. The occurrence and cancellation of
anomalous terms in the iterations of (3) is shown in Section 8. Applications
of these results to excitation and ionization are briefly considered in Section
9, and the paper concludes with a discussion in Section 10.

2. A SIMPLE EXAMPLE

In this section an exactly solvable example is given which illustrates the
basic ideas behind our approach.
Consider the Hamiltonian

H=H,+ ¥ X;, A,;ER

i<j

The correct time-dependent scattering theory for this Hamiltonian is based
on the operator () given by

Q(1)=w(1)exp|[—iG(1)]

W(t)=exp(iHt)exp(—iHyt), G(t)= T\t

i<j

Note that the usual off-shell formalism is based on the operators W{(¢),
not on the correct operator £(¢)= 1. In order to see this define the operators
W+e by

W, = fwduexp(—-u)W(—u/s)
)

It is not difficult to verify the following equality for appropriate functions ¢
(see Appendix B):

(Wb )(x)= [dp o, (x, p)¥ (P)

where ¢ (x, p) satisfies the off-shell Lippmann-Schwinger equations
¢+ P)=00(x, )= 2 [dGy(x, y; E+ie)A 94, p)
i<y

The above argument shows that ¢, (x, p) and the integral equation satis-
~ fied by ¢, (x, p) are directly related to the operators W(t) which do not
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correctly incorporate the asymptotic condition for a constant potential.
That is, the off-shell Lippmann-Schwinger equation corresponds to treating
H as a perturbation of H,; however, for long-range forces H, does not
generate the correct “free dynamics.” '

It is straightforward to calculate ¢, (x, p) for each e>0:

'
¢'+e(‘x5p) ie— 2>\ij¢0(x,p)

i<j

The incorrect choice of asymptotic condition is mirrored in the convergence
of ¢, (x, p) to zero as e— +0. Furthermore, there are divergences in each
term of the Born series for ¢, (x, p) in the energy-shell limit.

In order to avoid the above difficulties one must base the off-shell
formalism on the correct asymptotic condition. According to the prescrip-
tion given by Zorbas (1976), an off-shell stationary formalism should be
based on the following “renormalized” off-shell wave function:

¢+e(x7 p)A +e

where

ie— 2?\,-}-

i<j

A= {fowduexp[—u-HG(—u/e)]} =

i€

Clearly the renormalized off-shell wave function is the correct wave function
for a constant perturbation.

The simple pedagogical example of this section suggests that one source
of anomalous terms in the usual off-shell perturbation formalism involving
long-range potentials is the short-range asymptotic condition which forms
the basis of this formalism. Furthermore, if the off-shell formalism is based
on the correct asymptotic condition it should be possible to formulate a
perturbation expansion which is free of anomalous terms and divergences.

3. DIVERGENCES IN THE BORN SERIES

In this section we examine the development of anomalous terms and
divergences in the Born series for ¢ (x, p) as e~ +0. Our approach is
based on the 1— —oco behavior of the iterations of the time-dependent
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equations?
t
w(t)=1+i [ duW(u)V(u)
0
W(t)=exp(iHt)exp(—iHyt),  V(t)=exp(iHyt)Vexp(—iH,t)
The perturbation expansion for W(¢) is given by
o0
w()= 2 W, (1) (4)
n=0
where Wy(¢)=1 and for n=1

W) =i [ [y [ V(1) -V (01)

In order to extract the large-|¢| behavior of V(¢)=2,_V;(¢) we rewrite
V as follows:

V(x)=V!(x)+V*(x) (5)

where

Ba
Vix)=V,,(x X, )+ V. (x + ——x )
( ) 12( 1)X( 1) 131 X2 PR 1

) My My
X(x+—x)+V(x— x)(x— x)
X\ %2 ptp, ! 2 eyt X\*2 potp, !
with

1 if |x|=1
X(")"{o if |x] <1

and V*(x) defined by (5). The following equality is valid (Alsholm, 1977):
iL,

: { t L
exp(iHot)V’(xl,xz)exp(—iHOt)=exp( - )V’(fn—ll,fnz—z )exp(lTO )
(6)

2The perturbation expansions for ¢_ (x, p) can be studied by a similar argument involving
t— +o0.
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where

2
my Xy + m,x;

Lo=—5 2

Using (6) we can rewrite V(¢) as follows:

V(e)=v(0)+ v (1)= 2 [V()+ V()]

i<j

=y BB ) 5y (Bt )

b >
m,’ m, e m,’ m,

where formally [ * 2V (1) dt<oo for 1<i<j<3?

We now use (7) to examine the t— — oo behavior of W, (¢), n=1. The
first term W (¢) can be written as

Wl(t)zj;tdu,iV’(ul)+fotduliV‘(ul)

:_/(;tduliVl(“l)'Hh(t)

where 1,(¢) converges as £~ — o0.
Consider W,(t), which can be rewritten as follows:

W)= [, [ iV ()] ) | [V +i02()]
= [l [ a7 ()] [V )]+ (1) [ [ 19 ()] ()

where 1,(#) converges as f— — c0.
The pattern should be clear and we will state the form of W, (). Define
Ay(t)=1and for n=1
14 U Up—y R .
An(t)zj(;dulj(; du, - '/(; du,,[zV'(un)] ---[zV’(ul)]

[ijo’duvf(u)]"

n!

A more precise statement of f_*‘afV,-j-(t) dt<oo 1is, for appropriate functions
¥ J2ENV (W de<oo.
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We have, using the obvious inductive definition of 7,(¢), the following
equality:

mmzéonk(zmn_k(o (®)

where at least formally 7,(¢) converges as t— — oo for each k.

We now relate the divergences as t— —oo appearing in (8) to diver-
gences in the nth term of the Born expansion as é— +0. The Born
expansion for ¢, (x, p) is given by

$ro(x, p)= 2 Hi(x,p)
n=0

with H (x, p)=¢,(x, p) and for n=1

H (%, p)=~ [dyGy(x, y; E+ie)V(y)H1, (. p)

It is not difficult to formally show (Prosser, 1964) for appropriate functions
¢ and ¥ the following equality:

(6. duexp(—u)Wi(—u/e)y ) = [ 5T [aoid ()35, )
©)

where {( p) is the Fourier transform of y(x). The equality (9) provides the
link between the t— — oo behavior of W, (¢) and the e— +0 behavior of

H-’l’-s(x! p)'
Define A*,, by

A= [ duexp(—u)A,(—u/e)
0
According to (8) and (9) we have

Hi(x,p) = 2 A% (10)
€27V k=0

where 7, is the function of x and p corresponding to the r— ~ oo limit of
n,(t). Thus the slow decrease of the Coulomb potential leads to the
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systematic occurrence of anomalous terms and divergences in each term of
the Born series as e +0.

4. A MODIFIED BORN SERIES

In a recent paper (Zorbas, 1977) an off-shell formalism was proposed
for Coulomb scattering. In particular it was shown that the three-particle
Coulomb wave function ¢, (x, p) is given by

¢.(x,p)= lim ‘?’h(x’ p)
e +0

where
&)+e(x’ p):¢+e(x’ p)A +s(x’ p)
AL =T(1—~ik) "exp(—ikloge)A,( p)

with A,(p) a momentum-dependent phase factor and k= V(p, /m,,p, /m,).
The “renormalized” off-shell wave function ¢, (x, p) is based on the
correct asymptotic condition for Coulomb scattering and thus the off-shell
perturbation formalism should be based on €>+s(x, p) rather than ¢, (x, p).
This has previously been done for two-particle Coulomb scattering (Zorbas,
1978), and in this section we use the results of Section 3 to justify a similar
perturbation expansion for the three-particle case.

Summing the Born series for ¢, (x, p) and using the small e behavior
of each term given by (10) we obtain

oulen)=Sann =, § Sanei=( $0)( S x)

nOkO

If |k|<1 we have
& ® —u/e
> A"+8=f duexp[~u+if dtV’(t)}
n=0 0 0

=T(1—ik)exp(+ikloge)A,(p)

where A,(p) is a momentum-dependent phase factor. Thus the anomalous
terms appearing in the Born series sum up to an anomalous multiplicative
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factor which, except for a momentum-dependent factor, cancels A ., ap-
pearing in the definition of ¢, (x, p). This result provides a justification for
neglecting the anomalous terms appearing in the off-shell Born series for
¢+s(x > P )

The prescription for replacing the Born series by a perturbation expan-
sion whose terms are free of anomalous terms is immediate. Each term in
H (x, p) which is multiplied by an anomalous factor A¥_, cannot, in the
limit ¢~ +0, contribute to the physical wave function. Thus we subtract
these terms from H (x, p), that is, we replace H} (x, p) by the expression
H} (x, p) which is defined as follows:

n—1
H:—e(x’ P):H_:‘_s(x, P)~ 2 nkAn—;sk
k=0

The ¢— +0 behavior of H (x, p), given by (10), shows that A" (x, p) is
free of anomalous terms and divergences. Furthermore the resulting per-
turbation expansion satisfies

T8

o0
TN
AL p) Eonn

where %1, yields the Coulomb wave function apart from the momentum-
dependent phase factor A;(p)A,(p).

A somewhat more natural way of stating this prescription is to work
directly with {bﬂ(x, p). Consider A, and ¢, (x, p) as power series in three
variables (Ky, k3, ky3), Where k;; =V, (p,/m,p,/m,). Multiply these
series to obtain a power series in three variables for ¢, (x, p). The terms of
this power series do not involve anomalous terms and divergences as
¢— +0. This is the natural three-particle generalization of the prescription
which was recently given for the two-particle case (Zorbas, 1978).

5. DIVERGENCES IN THE MULTIPLE SCATTERING
EXPANSION

In this section we examine the multiple scattering expansion for
¢4 (%, p) given by

bt p)= 2 K1, (5,9) (12)
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where

K?LE(X, p):%(x, P)+ 2 [¢{{e(x’ p)—¢0(x’ p)]

i<j

and for n=1

Ki(x,p)=(—1)" 2 fdyn[G,-njn(x,yn;E+i8)—Go(x,yn;E+i8)]

in<Jn

X 2 Vi) 2 fdyn_l[G,-"_lj,,_l(y,,,y,,_l;E+ie)

k,,<1,, by <Jy—1
= Go( Iy Yn—15 E‘Hf)]

X 2 Vk,,_ll,,_l(yn—l)x e

kn—l<1 —1

X X fdyl[Gilj,(yZ’ yi; E+ie)=Go(, y1; E+i5)]

i1 <1

X 2 Vku,()’l)ng()’l:P) (13)
k<l

with (k,, 1,)#(i,, j,) for s=1,...,n. Each term of (12) is related to integrals
of time-dependent expressions in Appendix B. This relationship is used to
extract the anomalous expressions and divergences which occur in each term
of (12) in the energy-shell limit. A knowledge of these anomalous terms will
allow us to replace (12) by a “renormalized” multiple scattering expansion
whose terms are formally free of anomalous terms and divergences as
e— +0. This is discussed further in Section 6. In this section we give
detailed results for K} (x, p), n=0, 1, and 2 together with a brief discus-
sion of the general nth term.

In order to extract the anomalous terms in (12) we require various
technical time-dependent results. Define the following operators:

QU(1)=W"(1)exp[—iG,;(1)]

(¢ )=exp(iHl, t Jexp(—~i (=" .1.(!1‘1 221)
W (t) exp(lI{ljt)exp( lHOt)’ G’j(t) _/(;duI/’I ml ’m2
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According to the time-dependent theory for Coulomb scattering (Dollard,
1963, 1964) we have

QU(1)=Q4Y +¢(¢) (14)
where ©/ denotes the modified wave operator corresponding to H, j“ and
¢(t)»0 as t— —oo. There are four types of time-dependent operators
appearing in the integrands of (B.12) and (B.13). Applying (7) and (14) we
can decompose these operators as follows:

Vi (—u)=Vi(u)+ Vi (u)
W (—u) Vi (—u) =07 exp[iG,,(—u) | Vi (u) +4(u)
Vi(— )W (—u)* =V (u)exp[ —iG,,(—u)| (82" )*+£&,(u) (15)
W (—u) Vi (—u) W™ (—u)* =0 exp[iG,,(—u)] Vi, ()
X exp[ =G, (—u)][ (7" )* +£&;(u)

where formally [&° dué(u)<<oo for i=1, 2, and 3.

5.1. K9 (x,p). According to (B.3) the term ¢/ (x, p) corresponds to
the following integral:

(o]
f duexp(—u—iH, u/e)exp(iHyu/¢)
0
From (14) we see that as e— +0 this integral behaves as follows:

j(;wduexp(—u)Q‘f(—u/a)exp(iG,.j(—u/s))

E_§—_>|_09’Z‘/(;wduexp[—u-i—iG,.j(—u/s)] EQ’Z(A"{FE)_1

Thus K9 (x, p) has the following small & behavior:

K2(x,p)_= o6 2)+ 2 [#1(x p)(8%4) " —on(x p)]

i<j
where &/ (x, p) is the wave function corresponding to Q.
(X, p

49l differs from the modified wave operators of Dollard (1964) by a phase factor.
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Clearly the prescription for canceling the anomalous terms in K 2(x,p)
is to replace this expression by K (x, p) defined by

Iz-(()»e(x’ P):qb()(xa P)+ 2 [‘bi—{;e(x’ p)Ai{;—s_(pO(xa p)]

i<j

5.2. K} (x,p). It is shown in Appendix B that there are two types of
terms contributing to K. (x, p) which correspond to the following two
integral expressions:

o0 . o0
—ifo duexp(——su)W'”‘(—u)Vkl,l(—u)-l-ifO duexp(—eu)Vki,l(—u)

(16)
and
-—z‘_/:oduWi'j‘(—u)Vkl,l(—u)Wif(—u)*(s)
% f " doexp(—e0)Q(~v)exp[iG,,(—o)]
+if0°°du Vi (—u)W(—u)*(e)
X fumduexp(—w)ﬂ"f(—o)exp[iG,.j(—v)] (17)

We first consider (16). Using (15) we obtain the following behavior as
e—> +0:

.00 . . ® .
_Qxyl'/(; duexp[——eu—lrzG,.ljl(—u)]zV,illl(u)-i-L duexp(—eu)iV] ,(u)
L[ %
+zj(’) d”exP(“E”)Vlilll(“)”’/O duexp(—eu )& (u)
e~ +0

*Q"‘flfooduex [— +iG;  (—u)|iV]
= = p| —eu+iG, ;( u)]lelll(u)
0

+ [ duwexp(—e)ivly ()i "l v, (0 -6@)]  (19)

The anomalous terms have been isolated in the first two terms of (18).
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Translating (18) into the stationary formalism suggests that the terms
contributing to K} (x, p) which have the form

= [ &[Gy n(x. y; E+ie)=Go(x, y; E+ie)| Vi (»)90( 3, P)

should be replaced by
__/-d)’[Gi,jl(x’ Vs E+ie)—Gy(x, y; E +ie)] Vk,u()’)%(y’ p)
. 0
_ { ~ ¢ (x, p)fo duexp[— eu+iG; ;(— u)]iV,{I,l(u)

+u(x, p) [ duexp(— )iV (u) |

This expression is free of anomalous terms in the limit e— +0.
We now consider (17) which in the limit e—» +0 can be replaced by

o . .. . o
—ifo duW'”‘(—u)Vkl,l(_u)W”(—u)*9‘15/; dvexp[~w+iG,-j(—v)]
+ifwdqu‘,‘(—u)W"f(—u)*Q"lefwdvexp[—ev+iG,-j(—v)]
0 u

(19)

Using the relations (15) we can rewrite (19) in the limit e~ +0 as follows:
QuiP (e)+Py(e)+i fo " du[£,(u)—£5(u)] 2 fo “dvexp[—v+iG,(~v/e)]
(20)
where
P(e)= ‘fowduiV,il,l(u)exp[iG,.ljl(— u)—iG,(— u)]e
Xfuwdvexp[—sv+iG,.j(—v)] (21)

Pz(s)=j;wduiV,ﬂll‘(u)exp[—iG,.j(—u)] e/’;wdvexp[—ev+iGU(—v)]
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From (20) we conclude that the terms contributing to K} (x, p) which have
the form

—fdy[G,-,,-l(x,y; E+ie)—Gy(x, y; E+i8)] Ve (2)(y, p)
should be replaced by
— (L) [ &[Gy (x y: E+ie) = Go(x, y; E+ie) |V, ()61, p)

~ (AL ) (x, p)P(e)+ 0o(x, p) Py(€)] (22)

The results of this subsection enable us to replace the term K 1(x, p)
by an expression, denoted K (x, p), which is formally free of anomalous
terms and divergences in the energy-shell limit.

53. K2.(x, p). The two types of terms contributing to K2 (x, p) are
denoted by K °(x, p) and K "/(x, p) and are defined by (B.4) and (B.5) with
n=2. The results of Appendix B show that K%x, p) and, in the limit
e~ +0, KY(x, p) correspond, respectively, to the following integral expres-
sions:

fwduz Wizjz(—uz)in21z(_“2)Wi'jl(_“2)*
0
w Y
X [ duy exp(— e )W (= )iV (~u,)
Uz
0 . . ®© .
“_/(; du2W'212(-u2)sz2,2(—u2)f dulexP(“‘Eul)’Vk,ll(—“l)
Uy
"j(; d”z’szlz(_uz)W Ui(—uy )*
X [ duyexp(—eu )W (—u) )iV ()
Uz

[eo] o0
+/(; duzinzlz(—“z)f d“xexP(“E“I)in,l,(—ul) (23)
Le)
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and

j(; dqumz(_uz)inzzz(_“z)W'”'(_“z)*f du Wi (—u, )iV, (—u;)

U

% Wij(_ul)*Qii'afwdvexp[—ev+iG,-j(—D)]

u;
o0 i .
__/(; du, W 2“(_l‘2)1V1c212(“”2)

] .. L o
Xj;z dulinl,l(—ul)W’J(—ul)*ﬂ'isf dvexp[—ev+iGij(—u)]

U
[>o] Lo
= [ Vi ()W ()
X [ duy W (= )iV ()W ()
L%}

2 w w
XQ’lef dvexp[—su+iGij(—v)]+f0 duzinzlz(_“z)

uy

>3]

><fwdulinl,l(—-ul)W"j(—ul)*Q’Zsf dvexp[—£v+iG,-j(—v)] (24)
u, u,

We first consider (23). By repeated applications of (15) we obtain the
following anomalous terms corresponding to (23)°:

o (® .
Hy(e)+i? [ dusl€y(uy) = (1)1
X [ dyexpl— ey +iG;, ;= uV () + 8 [ sV, (uo)
L]

— ()] [ duyexp(—ew V() (25)

5We have neglected all terms having a well-defined limit e—0.
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where
i r. w . .
H,(e)=9‘1’2j(; duzexp[tG,.zjz(—uz)—zGim(—uz)]
[+ a]
XiV,"z,z(uz)f dulexp(—eu,+iG,.‘jl(—-u,))iV,£l,l(u1)
Uz
—Q'Ejzfo duzexp[iG,.zjz(—uz)]iV,{z,z(uz)
Xf dulexp(—eul)iV,ﬁl,l(ul)
L&)

— [y 1V} () exp[ 16, ()

X j;:odu] exp[—eu1 +iG, ; (—u, )]

. ®© . o .
XV (=) + [ iVl () [ duexp(—eu )iV (w)  (26)
Uy

Integrating by parts in (25) it is not hard to show formally that as e— +0
the anomalous terms behave as follows:

H1(€)+fowduzi[§3(uz)_§2(u2)] Qi
X fowdulem["wl +iGi,jl(_u1)]in[|l,(u1)
+f0°°du2i(V,:z,z(uz)—f,(uz))wadu,exp(—eul)iV;i,ll(ul) (27)

Note that the coefficients of the anomalous terms appearing in (27) have
been calculated previously [see (18) and (20)]. Thus in principle the anoma-
lous terms are known. Subtracting the function corresponding to (27) from
K°%x, p) yields an expression which is free of anomalous terms in the
energy-shell limit.

By an argument similar to that given above one can show that (24) has
the following behavior as e~ +0:

j:odug(u)fowdvexp[—u-FiG,-j(—u/s)]+H2(e)+H3(s) (28)
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where
R ) ,
H2(5):9'3”j; duzexp[iGi2j2(—”2)_’Gi,j,('_uz)]inzlz(uz)
Xfoodu,exp[iG,.‘jl(— )~ iG, (- u,)]iV,ﬁl,l(ul)e
us
X f:dvexp[—w+iG,-j(—-v)] ~ﬂilfz'f;mdu2exp[iGi2jZ(~u2)]
XiVlgzlz(“z)LwduliVli,l,(ul)XCXP['"iGij(““l)]5
2
% , o jpuger’
Xf dvexp[—-w-HGij(—v)]-‘[) du, iV, (uy)
“y
><exp[—iG,-ljl(—uz)]fwdulexp[iG,.}j‘(—ul)—iG,j(—ul)]
u
XiV,ﬁi,l(u,)efwdvexp[—ev+iG,.j(—-v)]+fwdu2iV,fllz(u2)
u) 0
><fmduliV,ﬁl,l(ul)exp[—iG,.j(—-ul)]efoodvexp[-ev«f-iG,.j(—-u)]
uy L8|

(29)

and

H3(e)=j:)wduzi[£3(u2)—£2(u2)] ﬂi—l—j‘j(;wduliVlglll(ul)
Xexp[iG,-ljl(—u,)-—iG,-j(—u,)]sfwdvexp[—£v+iG,-j(-v)]
+[}mdu2i[szlz(u2)_—gl(uZ)]‘/‘;ooduliVlilll(ul)exp[—iGij(_ul )]

Xsfuwdvexp[—-w+iG,.j(-v)] (30)

Note that the coefficients of the anomalous terms appearing in (30) are
known from the calculation of 1im8~+0K},£(x, p). In order to obtain a
contribution corresponding to K */(x, p) which is free of anomalous terms
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we replace this expression by

(A% )KY(x, p)— (A, ) [ Hy(e) + Hy(e)]

where H,(¢) and H,(¢) are functions corresponding to the operators (29)
and (30), respectively.

Thus we have shown that it is possible to replace K2 (x, p) by an
expression, denoted K2 (x, p), which is free of anomalous terms and
divergences as e > +0.

5.4 K2 (x, p). It should be clear that the arguments used in the previ-
ous subsections to extract the anomalous terms for n=0, 1, and 2 can be
applied to K’ (x, p) for any positive integer n. Thus by an appropriate
multiplication and subtraction of anomalous terms it is possible to associate
with K” (x, p) an expression, denoted K. (x, p), which is formally free of
anomalous terms and divergences as e— +0.

6. A RENORMALIZED MULTIPLE SCATTERING
EXPANSION

A prescription was outlined in Section 5 which enables one to associate
with K (x, p) an expression K% (x, p) which is free of anomalous terms
and divergences as ¢~ +0. The resulting perturbation expansion

S £2,(x.0) G

will be referred to as a “renormalized” multiple scattering expansion corre-
sponding to (12).

Our justification of (31) is based on the conjecture that the anomalous
expressions in each term of (12) either contribute to the anomalous factor
which appears in ¢, (x, p) as e— +0 [see (11)] or do not contribute to the
physical wave function. In Section 4 it was noted that this anomalous factor
should be canceled before the e— +0 limit is taken. Since the anomalous
expressions do not contribute to the physical wave function it is appropriate
to cancel these expressions in each term of (12). Thus in the limit ¢ > +0 the
renormalized multiple scattering expansion yields the physical wave func-
tion apart from a momentum-dependent phase factor.

It should be possible to explicitly show how the various anomalous
expressions in each term of (12) sum up to the factor A ,, appearing in
¢, (x, p) as e= +0. This was easy to do for the Born series; however, the
multiple scattering expansion is considerably more involved.
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It is straightforward to formulate a renormalized multiple scattering
expansion for the infinite-mass case corresponding to the integral equation
(A.6). Denote the multiple scattering expansion corresponding to (A.6) by

b i(x. )= gofie(xm) (32)

Using the same type of arguments as given in Section 5 it is possible to
associate with J (x, p) an expression, denoted f;'_e(x, p), which is free of
anomalous terms and divergences as é— +0. Thus by the same reasoning
used to justify (31) the expansion (32) should be replaced by the renormal-
ized multiple scattering expansion

o0
2 Ji(x,p) (33)
n=0
For example, the first term J? (x, p) is given by

T2(x, p)= (AL )¢ (%, p)+[(AR,)62(x, p)—0(x, p)]

where

(A‘+E)“l= fowduexp[—u+iG,2(—u/s)+iG13(—u/e)]

7. THE MULTIPLE SCATTERING EXPANSION FOR TWO
FIXED CHARGED PARTICLES

In the previous sections we extracted the anomalous terms which occur
in the Born series and multiple scattering expansion for the off-shell wave
function corresponding to the free channel. It was argued that the source of
these anomalous terms is the incorrect asymptotic condition used in the
definition of the usual off-shell wave function. In this section we consider a
simple scattering situation in which anomalous terms arise in the multiple
scattering expansion despite the fact that the off-shell wave function is
based on the correct asymptotic condition.

We consider the scattering of a charged particle by two fixed charged
particles. The Hamiltonian is given by

2

2
H=—(2m) "o+ o — ¢

*+R] xR ot VitVa
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where R is a fixed vector in R>. This is a two-body problem which, in a
sense, mimics the three-body problem of the scattering of a charged particle
by a neutral fragment.

Since the two fixed particles have equal but opposite charge the third
particle effectively interacts with the neutral “fragment” via a short-range
potential. Thus the usual wave operators exist

W, =s- im W(1)

I -*060
W(t)=exp(iHt yexp(—iHyt)

A direct consequence of this result (Zorbas, 1977) is the convergence of the
off-shell wave function ¢, (x,p) to the physical wave function ¢, (x,p) as
e— +0.

In order to study the occurrence of anomalous terms in the Born series
and multiple scattering expansion we decompose ¥(x) as follows:

V(x)=V'(x)+V*(x)
where
V’(X) = [VlS(x) + V23(x)] x(x)= V113(X) + Vzls(x)
with

(1 i x[=2R]
x()=10 it xj<2R]

By an argument similar to that used to justify (7) we can write V(¢)=
exp(iHyt)Vexp(—iH,t) as follows:

V(1)=Vi(1)+V*(¢) (34)

where

Vl(t)=V113(p;t)+Vz[3(pt)

m
and formally

+ o0
f dtvi(t)<oo
— o0
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In order to examine the Born series for anomalous terms and diver-
gences in the energy-shell limit we study the t— — oo behavior of (4) with H
and H, defined in this section. Using (34) and an argument similar to the
one used in Section 3 one can show

Wﬂ0=éimUMrA0

where the 7,(7) formally converge as 1> — 00, Ay(#)=7, and

Ak(t)Z[ij:duV’(u)]k /k!

Owing to the short-range nature of the potential ¥/(x) the expressions
A (1), k=1,2,..., converge as t— — oo and thus the nth term of the Born
series has a well-defined energy-shell limit, i.e., the Born series does not
develop anomalous terms and divergences as e¢— +0.

If we sum W,(¢) over n we obtain

W(t)= Lgonn(t)] exp[i f ’duV'(u)]

The off-shell wave function corresponds to the operator W, which in the
limit e +0 behaves as follows:

W+E=/(;mduexp(—u)W(—u/g)
a+0[ 2 nn(—w)}f dueXp[-u+zf ede’(u)}

EQM[EnJ—wﬂA (35)

where A is a momentum-dependent phase factor.
We now consider the Weinberg—- Van Winter equations for the off-shell
wave function

b+o(%, D) =do(%,P) + [ #2:(x,0) — $o(x,P)] + [ 6%.(x,p) — ¥ (x.P)]

~ [dy[Gs(x,y; E+ie)=Go(x,¥; E+ie)] Vas(y)9+.(3:P)

-fdy[Gza(x,y; E-+ie)—Go(x,y; E+ie)|Vi5(¥)o.(y.p)
(36)
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Clearly there are anomalous terms and divergences as é— +0 in the multiple
scattering expansion corresponding to (36). For example, the nonhomoge-
neous term does not converge as ¢~ +0 since ¢{ (x, p) corresponds to a
potential with an |x| ~! behavior as |x| - .

The multiple scattering expansion is given by

bu0)= 3 K1,6xp) )

where K (x,p) denotes the nonhomogeneous terms of (36) and for n=>1
K7, (x,p)=~ [ay{[Gry(x,y; E+ie) = Go(x,y; E+ie)] Vaa(y)

+[Gus(x,y; E+ie)~Gy(x,y; E+ie)|Vi5(y) }K 22 (v, p)

It should be clear from the similarity of the multiple scattering expansions
(37) and (12) that the same argument as used in Section 5 to extract the
anomalous terms in each term of (12) can be applied to (37). Using the same
renormalization prescription as given in Section 5 we can associate with
K’ (x, p) an expression, denoted K 1 {x, p), which is free of anomalous
terms. Thus it is possible to replace the multiple scattering expansion (37)
by a renormalized multiple scattering expansion

I M8

015 i e(x,p) (38)

n

which is formally free of anomalous terms and divergences in the energy-shell
limit. The argument is the same as given in Section 5 and we will not give
details. )

Our justification of the above renormalization prescription is based on
the assumption that the various anomalous expressions appearing in the
terms of (37) contribute to the factor

fwduexp[—u-i-if_u/edv V’(v)]
0 0

which appears in (35). In the limit e— +0 the cancellation of the anomalous
terms in the multiple scattering expansion is thus the same as neglecting the
momentum-dependent factor A in the physical wave function. Thus the
renormalized multiple scattering expansion (38) allows one to calculate
AT, (x,p).

The occurrence of anomalous terms and divergences in the multiple
scattering expansion is a consequence of an inadequate choice of unper-
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turbed term in (36). One should consider the wave function corresponding
to H as a perturbation of the physical wave functions corresponding to H,,
H, + V15, and Hj + V. This is not the case for the integral equation (36) in
the energy-shell limit.

8. A MODIFIED PERTURBATION EXPANSION FOR A
NEUTRAL FRAGMENT

In this section we consider the perturbation expansion, obtained by
iterating (3), for the off-shell wave function ¢% (x, p) corresponding to the
channel a consisting of a charged particle and a neutral fragment. The
neutral fragment is assumed to consist of charged particles 1 and 2 with
particle 1 having an infinite mass (see Appendix A for notation). This
problem is similar to the two-center problem considered in the previous
section. We will show the systematic occurrence of anomalous terms in the
perturbation expansion corresponding to (3). These anomalous terms can-
not contribute to the off-shell wave function, since ¢% (x, p) has a well-
defined limit e +0. The explicit cancellation of anomalous terms is shown.

We first rewrite (3) as follows: '

9%.(x, p)=942(x, p)= [dGi(x, y; E*+ie)[7*(3)— Vis(7)] #5.(7, )

(39)

where V*(p)="Vy(y)+ Viy(») is a short-range potential. The perturbation
expansion associated with (39) is denoted by

[+ 0]
¢ (x, p)= 2 HY'(x,p) (40)
n=0
where
HY(x, p)=¢42(x, p)
and for n=1

HY(x, p)=— [dyG(x, y; E*+ie)[V* ()~ Viy(»)| HS (. p)

We now use the time-dependent formalism to examine the terms of (40).
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The term H%%(x, p) corresponds to the expression
+e p p p

fwduexp(—u~iH1u/s)exp(iH12u/s)P“
0

:f()wduexp(—u—iKl3u/£)Xexp[-"i(2m3)_1A3u/£—iG13(——u/£)]

X exp[iG5(—u/e)] P* (41)

where P® is the projection onto the a-channel subspace, K3 = —(2m;) A,
+V,; and G 5(2)= [{duV},(u). As e~ +0, (41) behaves as follows:

1

Q‘fP"‘fwduexp[—u-i—iGB(-—u/e)] =QBpe(A3,)”
0

where Q! denotes the modified wave operator corresponding to K,;. Thus
the expression H52(x, p) defined as follows:

H3(x, p)=(A3,)é:2(x, p)

is free of anomalous terms and divergences in the energy-shell limit.
We now consider H%)(x, p) which corresponds to the following ex-
pression:

[o o]
—if duexp(—iHu)(V* — Vi )exp(iHu)e
0
0 =] ’
Xf dvexp(—ev—iH,v)exp(iH,,0)P* - —if duexp(—iHu)(V*— Vi)
u g~ +0 0
[+.¢]
Xexp(iHlu)SZ‘fP“ef dvexp| —ev+iG 5(—v)]
(42)
By a similar argument as used to verify (15) we have

exp(—iHu)(V* —V}; Jexp(iHu)Q2P*=—QUB PV (u)+n(u) (43)

where formally [5° dun(u)<co.
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Using (43) we can rewrite (42) in the limit é—> +0 as follows:
[>2] (o]
—i| dun(u dvexp| —0+iG(—
/(; n( )/0 P[ 1 v/e)]
+Q‘_3P"‘f°°duexp[—u+iG,3(—u/e)] fu/sdu iVl(v)
0 0

Thus, in order to avoid divergences and anomalous terms, H. %!(x, p) should
be replaced by H%!(x, p), which is defined by

A (x, p)=(A3,)HE %, p)— 93 (x. p)(A2,)
X/(; d“exP[_“+iG13(“u/8)]Lu/sdvim13(v)

where ¢'3(x, p) is the product of the bound state wave function and the
wave function corresponding to Q'%.

The similarity of equations (1) and (3) suggests that there is a simple
pattern to the development of anomalous terms in (40). It is not difficult to
convince oneself, using the same type of argument as given above for n=0
and 1, that as e +0 the nth term H%'(x, p) corresponds to the following
expression:

n 0 . v/e / ] n—k
dvexp| —v+iG;;(—v/e duVis(u 44
3 " doerp[ ~o+iGu(—o/0)] Gy 1w visw)] (@0
where 7, are appropriate functions of x and p. If we sum over n we obtain
(for |k3|<1)
n

S #3(ep) =, 3 3w doerp[~otiGu(—o/e)]

0 1=0 k=0

< Ty [ L b))
B (éo"" )go [ doexp[ —o+iGi(—v/e)]

X % [tfv/edu Vl3(u)] =

Nn

-~
ng
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This result shows that the anomalous terms appearing in (44) do not
contribute to the physical wave function, which justifies our renormalization
prescription for canceling the anomalous expressions appearing in each term
of (40).

It is straightforward to associate with H%'(x, p) an expression, denoted
H%(x, p), which is free of anomalous terms in the energy-shell limit. The
resulting renormalized perturbation expansion

S Ao, p) (45)
n=0

formally converges as e—» +0 to ¢%.(x, p).

9. APPLICATIONS

In this section we use the renormalized perturbation expansions devel-
oped in this paper to generate various approximate expressions for the T
matrices corresponding to the excitation and ionization of a neutral frag-
ment by a charged particle.

The prior version of the on-shell T matrix for excitation is given by®

(=m) ™" fax ¢F(x, p) Vas(x)u(x, k) (46)

where ¢,(x, k) denotes the wave function for the incoming a-channel
Hamiltonian and ¢#(x, p) is the wave function corresponding to W¥. In
the case of ionization the prior version of the on-shell 7' matrix has the form
(Zorbas, 1979)

(=) [ax 3 p) [Vul) ()] ek, k)  (47)

where ¢_(x, p) corresponds to £, . Replacing the wave functions appearing
in (46) and (47) by the renormalized perturbation expansions derived in this
paper yields perturbation expansions for the excitation and ionization T
matrices.

We first consider the excitation T matrix. By a similar argument as
given in Section 8 the wave function ¢#(x, p) can be calculated via a

SThis expression is derived from the S operator (i) ™ \(WE)*W* by a standard argument. It
is assumed that particle 1 has an infinite mass and P*P# =,
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renormalized perturbation expansion
® ~
¢2(x, p)= lim ¥ HE/(x,p)
e—>+0 n=0

If we approximate ¢#(x, p) by the n=0 term of this expansion we obtain
the following approximate expression for the excitation T matrix:

(_W)_lfdx ¢ (x3,03)¥(x;) Vo3 (x) (%, k)

where Y(x,) is the S-channel bound state wave function and ¢_(x,,p;) is
the wave function corresponding to ©!?. This approximate expression
corresponds, apart from a phase factor, to the well-known Coulomb-
projected Born approximation for excitation (Geltman, 1969; Geltman and
Hidalgo, 1974).

We now consider the problem of ionization with all three particles
having a finite mass. A renormalized scattering expansion for ¢_(x, p) can
be derived in analogy with (31). If we approximate ¢_(x, p) by the first
term of this expansion and substitute this approximate wave function in
(47) we obtain, apart from momentum-dependent phase factors, the ap-
proximation recently proposed by Zorbas (1979).

In the case of ionization with one particle having an infinite mass it is
natural to use the renormalized multiple scattering expansion for ¢_(x, p)
corresponding to (33). If we approximate ¢_(x, p) by the first term of this
expansion we obtain the Coulomb-projected Born approximation for ioniza-
tion (Geltman and Hidalgo, 1974) (except for a phase factor) together with
an additional term corresponding to the interaction of the two finite-mass
particles,

The renormalized perturbation expansions proposed in, this paper
provide a theoretical framework for understanding the known approxima-
tions for excitation and ionization. Furthermore, these perturbation expan-
sions yield new approximations for the ionization 7 matrix and allow one,
at least in principle, to calculate higher-order corrections to the 7" matrices
for excitation and ionization of an uncharged fragment by a charged
particle.

The use of the prior version of the T matrix enabled us to circumvent
the well-known difficulties associated with the post version of the ionization
T matrix (Prugovetki and Zorbas, 1978). It has been shown, however, that it
is possible to calculate the ionization 7 matrix via the post version if one
performs a “renormalization” before going to physical energies (McCartor
and Nuttall, 1971; Prugovecki and Zorbas, 1978). If one considers the
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ionization of a charged fragment by a charged particle, neither the post or
prior versions of the T matrix are well defined. In this case one must
consider the renormalized expressions for the T matrix.

10. CONCLUDING REMARKS

In recent years there has been considerable progress in understanding
the difficulties associated with multiparticle scattering when Coulomb forces
are present. Various stationary formalisms have been proposed for cir-
cumventing these problems (Veselova, 1970, 1972; McCartor and Nuttall,
1971; Rosenberg, 1973; Prugovetki and Zorbas, 1973; Gibson and
Chandler, 1974; Zorbas, 1974, 1977; Alt et al, 1978; Mekur’ev, 1979).
Many of these formalisms are of a theoretical nature and have not yet led to
practical computational results. The most promising results have been based
on the “renormalization” of screened scattering amplitudes (Alt et al., 1978)
and have so far been restricted to multiparticle scattering involving at most
two charged particles.

In the present paper we have shown that the “off-shell renormalization”
prescription, proposed by Zorbas (1977), can be carried out on the level of
perturbation theory. We have restricted our attention to scattering involving
three charged particles. It should be possible, however, to use the techniques
of this paper to obtain at least a formal understanding of perturbation
theory for general scattering systems involving long-range forces. For exam-
ple, the problem of anomalous terms in perturbation theory for screened
Coulomb potentials, general long-range potentials, general N-particle sys-
tems, and the problem of infrared divergences in quantum electrodynamics
are natural candidates for study via the techniques of this paper.

APPENDIX A: THREE-BODY OFF-SHELL INTEGRAL
EQUATIONS

A derivation of various off-shell integral equations is given in this
appendix together with a brief discussion of the notation used in this paper.

We first consider three particles labeled 1, 2, and 3 with particle §
having mass p; and position coordinate r;. After eliminating the center-of-
mass motion the internal full Hamiltonian is given by

H=H,+V, V=3V, V,x=22
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For example, choosing x;,=r, —r, and X, =r; —(p,1; T p,5,) /(4 + ;)
then

2
Hy=— 2 (2mi)_1Ai
i=1
with m;” ' =p, 3 +(Z <) 7" and

1]
V(x)= VIZ(x1)+ V13(X2 + —’l—-2—~x1 )"’ Vz3(xz -

My x)
T, By te, !

where x denotes collectively (x,,x,) and p will denote collectively (p,,p,),
where p, is the momentum conjugate to X;.

The Green’s functions corresponding to the resolvents (H—z)™ !,
(Hy—2)7", and (H,;—z)"', H,;=H,+V,,, are denoted, respectively, by
G(x, y; z), Gy(x, y; z), and G; j(x, y; z). The various off-shell wave func-
tions corresponding to the free channel are defined by the following
integrals:

¢.(x, P)=(~ie) [dyoo(y, P)G(x, y; Etie)

#{(x, p)=(~ie) [dyoo(y, P)G,j(x, y; E+e)

90(x, p)=(2m) exp(ip-x)

where E=p?/2m, +p3/2m,.
The following identities are satisfied by the various resolvents

(H—z)"'=(Hy~2) '~ (Hy~2) ' V(H—z)"" (A1)
(H=z)"'=(H,~2)"'=(H;=2)" 2 Va(#-2)"" (A2)

(ks H2 G, )
Adding (A.2) with (i, j)=(1,2), (1,3), and (2,3) and subtracting two times

(A.1) yields the Weinberg—Van Winter equations for the resolvent

(H-2)"'=(Hy~z) "'+ 3 [(H,;~2)"'—(H,—2) "]

i<j

- 2_[(Hij_z)_l‘(Ho_z)_l] 2 Vkl(H_Z)_l
~ (k,ll)cjﬁj(i,j)
(A3)
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Expressing (A.1) and (A.3) in terms of Green’s functions and using the
various definitions of the off-shell wave functions yields (1) and (2),
respectively.

A considerable simplification occurs if we assume one of the particles,
say particle 1, has an infinite mass. In this case the Hamiltonian is given by

H=H,+V
H,= —(2m2)—1A2 ”(2’"3)_1A3’
V(x)= Vlz(xz)+ V13(x3)+ V23(X3 —X;)

where x; represents the position coordinate of particle i with respect to
particle 1 which is located at the origin. We will use the same notation for
H,, the Green’s functions, and the wave functions as in the finite-mass case.

It is convenient to consider the operator H,=H,+V,,+V;. The
resolvent ( H, —z) ! satisfies

(H—z)"'=(H,—2)" = (H,~z2) Vyu(H-2)""  (A4)

Since H; can be written as a sum of two operators which commute it is
possible to obtain (Geltman, 1969) an explicit integral representation for the
Green’s function G,(x, y; z) corresponding to (H, —z)™!. We require the
following off-shell wave functions corresponding to the free channel and to
the channel a with particles 1 and 2 bound:

¢ (x, p)=(ie) [dy9(y, p)Gi(x, y; E+ie)
L, p)=(—ie) [dyon(y, P)G(x, y; E*+ie)

$12(x, p)=(=iz) [dyo,(», p)G(x, y; E*+ie)

du(x, p)=(271')_3/2<1>(x2)exp(ip3-x3)

where ¢(x,) denotes the bound-state wave function corresponding to the
energy E, and E*=E, +p? /2m,. Lippmann-Schwinger-type integral equa-
tions for ¢, (x, p) and ¢% (x, p) follow immediately from (A.4).

A set of Weinberg— Van Winter-type integral equations involving the
Green’s function and wave function corresponding to H, can also be
derived. Adding (A.2) with (i, /)=(2,3) to (A.4) and subtracting (A.1)
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yields

(H_Z)ﬂ:(Hl —Z)_l"'(st _Z)_l_(Ho_Z)_l
—[(#=2) " = (Hy—2) "Wy (H—2) !

- [(H23 _Z)_l‘(Ho _Z)-l](Vlz + Vl3)(H"Z)_1
(A5)

Thus in the infinite mass case ¢, (x, p) satisfies the integral equation

$1(x, P) =84 (x, p)+[62,(x, p)—0(x, p)]

= [[G(x, y; E+ie) =Gy, 5 E+ie)|[Via( )91 3, P)

——fdy[G23(x, y; E+ie)—Gy(x, y; E+ie)]

X [Via(»)+Vis()] ¢4y, P) (A6)

APPENDIX B: TIME-DEPENDENT THEORY AND THE
MULTIPLE SCATTERING EXPANSION

In this appendix we give a formal argument to relate the terms
appearing in the multiple scattering expansion (12) to the time-dependent
formalism.

We first consider the expression ¢/ (x, p) appearing in K9 (x, p). It is
not difficult to verify the following equality for appropriate ¢ (see Section 4
of Zorbas, 1977):

+ 00 .. I
(f T s DEY )(x)=fdp¢‘ie(x,p)¢(17) (B.1)
ij
Furthermore the identity

—ie Y el gy U U
m—/(; duexp( u lI:[ijE‘l‘l}\s) (B.2)
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together with an interchange of integrals yields

([ dvesp (it Yo 1 o ) )= [ 4,926 ()
(B.3)

Clearly the 7— — oo behavior of W'/(t)=exp(iH,;t)exp(—iH,t) is directly
related to the ¢~ +0 behavior of ¢/ (x, p).
We now consider K% (x, p) for n=1. The two types of terms, denoted

by K%x, p) and K"(x, p), which contribute to K (x, p) have the follow-
ing general form:

KO(x’ P)Z('“ l)nfdyn[Gi,,jn(xa Ins E+i8)_G0(x, Yns E+l€)] Vk,,l,,(yn)
X [d3,1[6i, s, (s a3 B+ i) = Gol( 3y, 3o E+ie)]

X ---deyl[Giljl(yz,yl; E+ie)=Gy(y,, »1i5 E+i8)]
X Vkll,()’l)‘l’o(y“l’) (B.4)
and
K(x, p)=(=1)" [d,[G, 1 (x, yus E+ie) = Golx, yi E+ie) |V 13,
deyn-l[G,-n_lj,,_l(y,.,yn_l; E+ie)—Go( s Vo1 E+ie)]

Xoeee X/dyl[Giljl(st Y13 E+ie)=Gy(yz, y15 E‘HE)]

X Vklll(yl)‘bi-{s(yl’p) (B.5)
where (k,, 1,)#(i,, j,) for s=1,2,..., n.

By an argument similar to the one used to verify (B.1) we have for each
£>0 and for appropriate y the following equalities:

(K°9)(x)= [dpK°(x, p)¥ (p) (B.6)
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and
(K99)(x)= [dpK*(x, p)é (p) (B.7)

where the operators K° and K*/ are defined by the following spectral
integrals (Amrein et al., 1977; Prugovetki, 1971):

+ o0 1 1
0_(_1\" —
Ko=(=1) f_w (H,."jn~>\—ie HO—A—ia)

X Ve,

1 1 a
x 'X(H —A—ie HO—}\—ie)Vkllld"E"o (B3)

and

- +o00 1 1
ij—(_1\" _ v,
Kv=(=1) f_w (Hinj"—}\—ie HO—)\—ie) ats ™

X

H, , —A—ie Hy—A—ie | MhH —X—ie

iy

) .
! )V —— _4,Efe (B.9)

Using (B.2) and interchanging integrals we can rewrite K° and K" as
follows:

KO0=(—i )”](;oodunexp(——sun )[exp( —iH, ;u, ) —exp(—iHyu, )] Vi,

X .- ><_/(;°°du1 exp(—eul)[exp(—iH,-ljlul)—exp(—iHOu,)]

X Vkl,lexp[+iHo(ul + .- +un)] (B.10)
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and

.. n 0 .
K”=(—i)f0 dunexp(—eun)[exp(—iH,-"jnun)—exp(—zHOu,,)]an,n
X ..-><fwdulexp(—eul)[exp(—iH,.ljlu,)—exp(_—iHOuI)]
0

X Vk‘,l(e)_/(;wdvexp(.—eu—iHijv)exp[iHO(v+u1 +tu,)]
(B.11)

Multiplying the various terms making up (B.10) and (B.11) and then
performing the substitutions uj=u,+ ---+u,; in the u, integral, uj =u,
+ -+ -+4u, in the u, integral,..., and finally u}, =u, in the u, integral, we
obtain

KO= (—i)"/oodunexp( —iH; ;u, )exp(iHou,, Wi (—4,)
0
[e o]
Xexp(—iHyu, )eXP(+iHi,,_.j,,_,“n )f dun_lexp(iILnﬁleu,,_l)
u"
Xexp(iHOun—l)Vk,,_ll,,_l(_un—l)X e X szlz(_uz Yexp(—iHyu, )

Xexp( iH,; ;u, )f:odu1 exp( —euy—iH; ;u, )exp(iHOu1 )
2

\n o0 e}
XVklll(_ul)+"'+(l)_/(; d”nd,,I,,(”“n)f dun—le,,‘ll,,-l(—un-—l)
uﬂ

X ---><fwdulexp(—eul)Vklll(-ul) (B.12)
L]
and

Ki= (—i)"fowdunexp(—‘iHiHjnun )exp(—i—iHoun)an,"(—u,,)
X exp(—iHyu, )exp(iH,-n_ljn_]un )j;:odu,,_l exp( —iH;, . U,y )
X oo Xexp(iHijul)(e)j:dvexp(—ev—iHijv)exp(+iHov)
AR Ol AC TR AVCRY LA GO

X --- X V(—~u1)(e)fuooduexp(—ev~iHijv)exp(iHov) (B.13)
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The equalities (B.6) and (B.7) together with (B.12) and (B.13) provide the
link between the time-dependent formalism and the terms in the multiple
scattering expansion.
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